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A spatially heterogeneous two component mixed quasimonotone system of
reaction diffusion equations is considered. The kinetic functions exhibit mixed
quasimonotonicity and are, in general, non-autonomous, while the boundary condi-
tions are given by one of three possibilities: homogeneous Dirichlet, homogeneous
Neumann, or Neumann with a constant inhomogeneity. Some conditions which
yield the stability of such equations are deduced via comparison theorems and
subsequently used to investigate the stability of a simple example system.  2001
Academic Press
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1. INTRODUCTION
Ž .Reaction diffusion equations RDEs exhibit a rich mathematical struc-
 ture 810 and find extensive application in biomathematics. One class of
models for which analytical results would be especially useful is that
representing biological pattern formation on a growing domain, where
stability considerations are important in pattern selection mechanisms 1,
2, 4 . Such models are typically of the form of a system of reaction
diffusion equations with non-autonomous and mixed quasimonotone kinet-
ics. In this paper, some stability conditions are derived for such equations
and are used to investigate a simple example.
Mathematically, stability is often defined in terms of local neighbour-
hoods. However, modelling applications often require stability with respect
1 E-mail: eag@for.mat.bham.ac.uk.
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to perturbations that are small compared to the scales used in any model
representing the system, but which are not arbitrarily small. The stability
result presented in this paper is of the form of an invariant set theorem
which does not generally necessitate the consideration of arbitrarily small
perturbations. Furthermore, it is useful to note that the stability conditions
derived in this paper are straightforward to apply, as can be inferred from
Section 4.
The novel analytical aspects of this paper are the auxiliary constructions
developed below, which are used to enable the application of comparison
theorems to mixed quasimonotone systems which satisfy certain con-
straints. These constructions can also be used to construct irregular
 comparison functions 5, 6 . It is noted that the stability conditions derived
below are similar to previously derived stability conditions for the steady
Ž Ž .state of autonomous mixed quasimonotone equations Theorem 10.2.1 of
 .8 . However, the result below is significantly more general as non-au-
tonomy is incorporated and a steady state need not exist.
2. STATEMENT OF STABILITY RESULT
The equations we consider take the general form
ui i 2 i L u  F x , t , u , u , L g a x  g a x  g 1Ž . Ž . Ž . Ž .i i i 1 2 i 1 2 t
n 4  with i 1, 2 , t t , T ,  t  T , and x, where 0 0
Ž .denotes some possibly unbounded spatial domain in n dimensions pos-
iŽ .sessing smooth boundaries. The functions a x , and the components of1
i Ž .  4a x , i 1, 2 , are bounded and continuous and such that L is an2 i
elliptic second order partial differential operator. The initial and boundary
conditions are
ui0u x , t t  u x ,  constant, x  , 2Ž . Ž . Ž .i 0 i  n
though in Subsection 3.5 we will briefly consider homogeneous Dirichlet
boundary conditions. The particular solution of the above equation whose
 Ž . Ž  Ž .stability we wish to consider will be denoted by u x, t  u x, t ,1
 Ž ..u x, t in the following. We have the additional conditions:2
Ž .a Global classical solutions of the above equations exist, are unique
Ž 2 .for any fixed initial conditions  C , and are consistent with the bound-
ary conditions. Implicit in this is the assumption that any solution dealt
with below is bounded and continuous, with bounded, continuous first
Ž . Ž .second derivatives with respect to temporal spatial variables.
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Ž .b We consider the constraint of mixed quasimonotonicity. With the
definition
K u , u 2  F u 	 0, F u 
 0 , 3Ž . Ž . 41 2 1 2 2 1
we require that  ,  , 	 0, T t such that1 2 0
2KU  u , u   u  u x , t 	   	 ,Ž . Ž . Ž . ,  , 	 , T 1 2 i i i1 2
  4i 1, 2 , x , t t , T .40
Note that  ,  , 	 will, in general, possess an implicit dependence on T.1 2
Ž .The parameter 	 can be taken to be arbitrarily small but fixed and has
been introduced for convenience.
Ž . Ž .  4c We require that the functions F x, t, u , u , i 1, 2 , and theiri 1 2
first derivatives
 4F x , t , u , u u , i , j 1, 2Ž .i 1 2 j
are uniformly bounded, uniformly continuous, and uniformly Lipschitz for
Ž .u , u U .1 2  ,  , 	 , T1 2
Ž . Ž . Ž .d We require, for all u , u U , that 
 0, such1 2  ,  , 	 , T1 2
that
F u  
 F u  0, F u  
 F u  0.1 1 1 2 2 1 2 2
 Ž .THEOREM 1. The solution we wish to consider is denoted by u x, t and
pt bŽ . Ž . Ž .a perturbed solution is denoted by u x, t . Gien the assumptions a  d
listed aboe, suppose
 pt bu x , t  u x , t  
	 Ž . Ž .1 0 1 0 1
 compact
 pt b 5u x , t  u x , t  	  ,Ž . Ž .2 0 2 0 2
 pt bu x , t  u x , t  
  Ž . Ž .1 0 1 0 1
 non-compact
 pt b 5u x , t  u x , t     ,Ž . Ž .2 0 2 0 2
 4for all x with min 
 ,  . In the case of non-compactness,1 2
Ž  4. pt bŽ . 0, min  , 
 is a small, fixed, positie parameter. Then u x, t
satisfies
 pt bu x , t  u x , t  
	  ,Ž . Ž .1 1 1
4Ž .
 pt bu x , t  u x , t  	  ,Ž . Ž .2 2 2
 for all t t , T , x.0
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Ž . Ž .COROLLARY 1. If we hae that the aboe assumptions a  d hold for
Ž .arbitrarily large T , then the inequalities 4 hold for arbitrarily large t, and so
taking appropriate limits yields
 pt blim u x , t  u x , t 	 
	  ,Ž . Ž .1 1 1
t
 pt blim u x , t  u x , t 	 	  .Ž . Ž .2 2 2
t
3. PROOF OF THEOREM 1
3.1. Definitions
  Ž .   pt bŽWe let L  denote an upper bound for  u x, t  t , u x,i i
. t  t , the modulus of the kinetic functions and their derivatives
 4F x , t , u , u u , i , j 1, 2 5Ž . Ž .i 1 2 j
Ž . Ž . Ž ptbŽ . pt bŽ ..for both u , u U , and u , u  u x, t , u x, t . We1 2  ,  , 	 , T 1 2 1 21 2
take , to be small positive parameters satisfying
0 6 eL ŽTt0 . , 6Ž .
where t , T are the start and end times. We define0
q
 4t  t  , q 0, 1, . . . , N 1 ;q 0 L
1 7Ž .t  T , N round-down 1 L T t  ;Ž .Ž .N 0
 4I  t , t , q 1, 2, . . . , N .q q1 q
Ž .To proceed we need to define 4N auxiliary solutions of Eqs. 1 for
particular choices of the initial and boundary conditions. For q
 41, . . . , N , we define
qm x , t , qm x , t , qm x , t , qm x , t 4Ž . Ž . Ž . Ž .
Ž .to be the solutions of Eqs. 1 for t
 t satisfying the boundaryq1
Ž .conditions 2 , and the initial conditions at t tq1
qm x , t  u x , t  
 A  2 ,Ž . Ž .Žq1 1 q1 q
u x , t   A  2Ž . .2 q1 q
8Ž .
qm x , t  u x , t  
 A  2 ,Ž . Ž .Žq1 1 q1 q
u x , t   A  2 ,Ž . .2 q1 q
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 4where A  1 and A is defined for q 2, 3, . . . , N by1 q
q1 1 4 LŽTt .0A  8 A 1 4  2 1 4  1  2 eŽ . Ž .Ž .q q1
O 1 . 9Ž .Ž .
The final definition is that of some ‘‘, shadowed’’ functions given, for
 4q 1, . . . , N , by
q
 m x , t  qm x , t    1 Lf t , 0 ,Ž . Ž . Ž . Ž .Ž .
q
 m x , t  qm x , t    1 Lf t , 0 ,Ž . Ž . Ž . Ž .Ž .
q
 m x , t  qm x , t    0, 1 Lf t ,Ž . Ž . Ž . Ž .Ž . 10Ž .
q
 m x , t  qm x , t    0, 1 Lf t ,Ž . Ž . Ž . Ž .Ž .
df t dt 1 Lf t , f t  0.Ž . Ž . Ž .0
3.2. Some Preliminary Lemmas
Ž .LEMMA 1. We denote any one of the solutions defined in 8 aboe by the
q generic form m . For sufficiently small  with x and t I , qi q
 41, . . . , N
qm x , t  3L t tŽ . Ž .i q1 q1
	 qm x , t 	 qm x , t  3L t t . 11Ž . Ž .Ž . Ž .i i q1 q1
q Ž . Ž q Ž . q ŽProof. Consider m x, t . A bound for F x, t, m x, t , m x,1 i 1 2
..t , t I is denoted by L  . Take  0 to be a small parameter.q q
Defining
 q x , t  qm x , t  qm x , t  3 max L, L t t   , 4Ž . Ž . Ž . Ž . 1 1 q1 q q1
Ž Ž .. qŽ .one can readily show, for t I , that  t L x,  x, t 	 0. Weq 1 
qŽ .also have that  x, t satisfies homogeneous Neumann boundary condi-
tions and is negative for t t . Hence one can apply the strongq1
Ž maximum principle for parabolic equations e.g., as in Fife 3, Theorems
Ž . Ž .. qŽ .4.1 , 5.1 , thus yielding  x, t  0, for t I and hence q
qm x , t 	 qm x , t  3 max L, L t t , t I , 12 4Ž . Ž .Ž . Ž .1 1 q1 q q1 q
 q Ž .where we have taken  0 in the last step. If m x, t U ,  , 	 , T1 2
 4for t I one can, by the above arguments, replace max L, L by L inq q
Ž .the inequality 12 . Consider
G q  t I  qm x , t , qm x , t U ,Ž . Ž . 4Ž .q 1 2  ,  , 	 , T1 2
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with G q the complement of G q in I . Suppose G q is non-empty. Notingc q c
def
q q qŽ .8 one can show, for sufficiently small , that t	 inf G  t  G .c q1
Ž .  q .The inequalities 11 hold on the interval t , t	 and thus, for suffi-q1
ciently small , one has t	q  G q, which quickly leads to a contradiction.
q  4 Ž .Hence G  I and one may replace max L, L by L in 12 giving theq q
Ž .desired inequality. The other inequalities of 11 are deduced analogously.
Q.E.D.
 4LEMMA 2. With x and t I , q 1, . . . , N , we haeq
qm x , t  u x , t  A  2 
,Ž . Ž .1 1 q1
qm x , t  u x , t  A  2 Ž . Ž .2 2 q1
qm x , t  u x , t  A  2 
,Ž . Ž .1 1 q1
qm x , t  u x , t  A  2 Ž . Ž .2 2 q1
qm x , t  u x , t  A  2 
,Ž . Ž .1 1 q1
qm x , t  u x , t  A  2 Ž . Ž .2 2 q1
qm x , t  u x , t  A  2 
,Ž . Ž .1 1 q1
qm x , t  u x , t  A  2  .Ž . Ž .2 2 q1
q Ž .Proof. We initially prove the above inequality for m x, t . We1
define
1 q  2 x , t  4 m x , t  u x , t  
 A Ž . Ž . Ž . Ž .Ž .q 1 1 q
1 q  2 x , t  4 m x , t  u x , t   A  .Ž . Ž . Ž . Ž .Ž .q 2 2 q
  Ž .  Ž .  Ž .Using Lemma 1 and the inequality u x, t  u x, t 	 L t ti i q1 q1
 Ž .   Ž . one can show that  x, t 	 1 and  x, t 	 1 for t I . Thus, forq q q
t Iq
 t L qm x , t  u x , t  
 A  2Ž . Ž . Ž .½1 1 1 qž
 2 A  2L 8L t t   4Ž . 5Ž .q q1 /
 F x , t , u 
 A  2 4 x , t ,Ž .Ž1 1 q q
u  A  2 4 x , t  F x , t , u , uŽ . Ž ..2 q q 1 1 2
 2 A  2L 8L 	 2 A  2L 8L 1 1  0, 13Ž . Ž .Ž . Ž .q q
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where the inequality arises from invoking the mean value theorem and
Ž .condition d of Section 2. We also have that
qm x , t  u x , t  
 A  2Ž . Ž .½1 1 qž
 2 A  2L 8L t t   4 14Ž .Ž . 5Ž .q q1 /
satisfies homogeneous Neumann boundary conditions and is negative for
Ž  .t t . Thus one can apply the strong maximum principle as in 3 toq1
Ž .deduce that 14 is negative. Invoking t I , t t  L and proper-q q1
ties of A one hasq
qm x , t  u x , t  
 A  2 ,Ž . Ž .1 1 q1
as required. The proof of the desired inequalities for qm , qm , qm1 1 1
q Ž .proceeds entirely analogously to the above. The proof for m x, t2
Ž .proceeds analogously, except that in the analogue of 13 above one has
F x , t , u 
 A  2 4 x , t , u  A  2 4 x , tŽ . Ž .Ž .2 1 q q 2 q q
 F x , t , u , u ,Ž .1 1 2
Ž .and the condition for F in assumption d of Section 2 is invoked. Q.E.D.2
 4LEMMA 3. For any q 1, . . . , N , the following relations hold for t I :q
qm  q  m q  m , qm  q  m q  m ,1  1  1 1  1  1
qm  q  m q  m , qm  q  m q  m .2  2  2 2  2  2
Ž .Proof. The above equalities are by the definition 10 . We will proceed
q  Ž .to prove the above inequality for m . From the definitions 8 and 1
q Ž . q Ž .Lemma 1 one may deduce, for t I , that m x, t  m x, t 
q 1 1
Ž . Ž .6. From the definition 10 and constraint 6 we have
q q q    LŽTt .0 m  m    1 Lf t 	 m    eŽ . Ž . Ž . 1 1 1
qm 
 q  m    eL ŽTt0 . 6
 q  m .Ž .1  1  1
The other inequalities follow analogously. Q.E.D.
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pt bŽ .3.3. Bounding the Perturbed Solution, u x, t
 4THEOREM 2. For any q 1, . . . , N , the following inequalities hold for
t I :q
q
 m u pt b  q  m , q  m u pt b  q  m . 1 1  1  2 2  2
Proof. Consider the definition
I q t I  q  m u pt b  q  m , q  m u ptb  q  m 4q  1 1  1  2 2  2
with I q the complement of I q in I . We have t  I 1. For ,c q 0
sufficiently small,
1
 m x , t  u pt b x , t    2    u pt b x , t ,Ž . Ž . Ž . Ž . 1 0 1 0 1 0
Ž . Ž . Ž . Ž .using the definitions 8 , 9 , 10 , and the constraint 4 . For  non-com-
pact, the parameter  0 is the same as that defined in the statement of
Theorem 1. For compact , the existence of such a parameter,  0, may
be deduced in the standard manner using continuity and compactness. The
other three inequalities required to deduce that t  I 1 proceed similarly.0
The next step in the proof is to show that
q q1  4t  I  t  I , q 1, . . . , N . 15Ž .q q
Ž . q Ž .Proof of 15 . Once more we deal initially with m x, t . We have1
q1
 m x , t  qm x , t    1 Lf tŽ .Ž . Ž . Ž .Ž . 1 q 1 q q
 q  m x , t  u ptb x , tŽ . Ž . 1 q 1 q
Ž . Ž .using the definitions 10 and 8 , Lemma 2, and the initial assumption that
t  I q. The above inequality, together with the analogous inequalities forq
q1
 m x , t , q1  m x , t , q1  m x , t ,Ž . Ž . Ž .½ 5 1 q  2 q  2 q
imply that t  I q1, as required.q
We now prove
q q  4t  I  I   , q 1, . . . , N . 16Ž .q1 c
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Ž . q q qProof of 16 . Suppose I 
 . Let t	 inf I . Invoking continuityc c
q  q . qwe have t	 t , and thus 
 t , t	  I . We also have for tq1 q1
 q t , t	 thatq1
q
 m 
 u pt b
 q  m , q  m 
 u pt b
 q  m , 17Ž . 1 1  1  2 2  2
where continuity is once more invoked to deduce the above inequalities
indeed hold at time t	q . We wish to deduce the boundedness properties of
pt b  q u by use of the strong maximum principle. We have, for t t , t	q1
 t L q  m  u pt bŽ . Ž .1  1 1

 F x , t , q  m , qm  F x , t , u pt b , u pt bŽ .Ž .1  1 2 1 1 2
 L   df t dt 1 Lf tŽ . Ž . Ž .Ž .
 F x , t , q  m , qm  F x , t , u ptb , u pt bŽ .Ž .1  1 2 1 1 2

 F x , t , q  m , u pt b  F x , t , u pt b , u pt bŽ .Ž .1  1 2 1 2 2

L q  m  u pt b . 18Ž .Ž . 1 1
Ž .The second line of the above follows from the definition 10 , the fact that
q  pt b Ž .m , u are solutions of Eq. 1 and a Lipschitz inequality, noting that
 Ž .   Ž .  q  x, t  1,  x, t  1 implies m U . The remaining ex-q q  ,  , 	 , T1 2
Ž . Ž .pressions in 18 arise by invoking the definition of f t , mixed quasimon-
Ž Ž . pt bŽ . q .otonicity using 17 and Lemma 3 to show u x, t 
 m , and2 2
a Lipschitz inequality, noting q  mU . We also have that  ,  , 	 , T1 2
q
 m  u pt b satisfies homogeneous Neumann boundary conditions 1 1
and hence one can apply the strong maximum principle for parabolic
Ž  .equations as in 3 to obtain
q  pt b q
 m  u  0, t t , t	 . 1 1 q1
One may analogously deduce that
q
 m  u pt b  0, q  m  u pt b  0,Ž . Ž . 1 1  2 2
q
 m  u pt b  0Ž . 2 2
 q  q qfor t t , t	 . Hence t	 I , which quickly leads to contradiction.q1
The original supposition that I q 
  therefore cannot hold, thus provingc
Ž .16 .
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Proof of Theorem 2. We have t  I 1; we also have an inductive step0
Ž . Ž .via application of 16 followed by 15 , which yields a proof by induction.
Q.E.D.
3.4. Proof of Theorem 1
Ž . Ž .Using Theorem 2, Lemma 2, and the definitions 9 and 10 we have
 pt b 4 LŽTt . LŽ tt .0 0u x , t  u x , t  
 2e    e .Ž . Ž . Ž .1 1
Taking the limit  0, keeping   0, L , T , t fixed, on0
noting the independence of L from , we have
 1pt b LŽTt .0u x , t  u x , t  
  eŽ . Ž .1 1 2
pt bŽ .yielding the inequality required for u x, t in Theorem 1. The inequality1
pt bŽ .for u x, t follows in a completely analogous manner. Q.E.D.2
3.5. Dirichlet Boundary Conditions
We briefly note that the above proof generalizes for homogene-
Ž .  4ous Dirichlet boundary conditions, u x, t  0 x , i 1, 2 , in ai
straightforward manner. The only difference is that to invoke the strong
maximum principle in the above, one must use suitable Dirichlet condi-
Ž .tions; for example, in Lemma 2, one must deduce that 14 is negative for
x .
3.6. Comments
An alternative proof of Theorem 2 could be deduced by using the
Ž .  auxiliary functions 10 to construct irregular comparison functions 5, 6 .
One can show
 t L q  m 
 F x , t , q  m , q  mŽ . Ž . Ž .1  1 1  1  2
via the key ideas presented in the proof of Theorem 2, with analogous
inequalities for
q
 m , q  m , q  m . 19Ž . 4 1  2  2
These enable one to deduce that the set of functions
q q q q   
   m m , m , m m , m , t I 20Ž .Ž . Ž . 1  2  1  2 q
satisfy the required inequalities of irregular comparison functions, upon
 which results presented in 5 enable one to conclude that Theorem 2
holds.
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4. APPLICATION OF THEOREM 1
We proceed to apply Theorem 1 to deduce conditions for stability of the
equations
 u t d 2 u f t G u ,  ,Ž . Ž .1 1
12 2 2G u ,     u 1Ž . Ž .1 21Ž .
  t d 2  f t G u ,  ,Ž . Ž .2 2
G u ,    u2 2Ž .2
Ž .on a bounded domain, for f t ,  ,  0. The boundary conditions are
homogeneous Neumann, while the initial conditions are assumed to be
within an invariant region of the above equations as detailed below.
Taking    0 to be a sufficiently small parameter one can readily
 confirm 7, 9 , for  ,  0 that the open rectangle
R u ,   u u , u ,    ,  4Ž . Ž . Ž .min m a x min m a x
22 2  ''u min 1,    2,    u  Ž . 4min min min
2    u   1    ,    ,'Ž . Ž . Ž .Ž .m a x min m a x min
Ž . Ž .is an invariant region of 21 . Thus, the solution of Eqs. 21 whose stability
Ž  Ž .  Ž .. Ž  Žwe wish to study, denoted u x, t ,  x, t , is assumed to satisfy u x,
.  Ž ..t ,  x, t R.0 0
Ž .4.1. Applying Theorem 1 to Eqs. 21
Ž .We simply assume that condition a holds, given the initial conditions
 Ž .  Ž . 2u x, t ,  x, t are C functions consistent with the homogeneous0 0
Neumann boundary conditions, noting that the existence theory for sys-
tems of reaction diffusion equations with invariant regions is well devel-
  Ž .oped 9 . To confirm condition b of Section 2, we first of all note
K u ,  2  G   	 0, G u
 0Ž . 41 2
 u ,  2  u
 0,  
 0 . 4Ž .
Taking
0   u   22, 0     22, 0 	 e241 min 2 min
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 Ž .   Ž .yields u x, t  u    	, and similarly for  x, t . This, in turn,min 1
gives
2KU u ,    u u x , t 	   	 ,Ž . Ž . 1
    x , t 	   	 , x , t t , T .Ž . 42 0
Ž . Ž .It is straightforward to confirm that condition c holds for u,  U.
Ž .Imposing the condition d entails 
 exists for the application of Theorem
1 if
2 1    u    1  u ,Ž . Ž .Ž .m a x min min min m a x
2 22Ž . 4i.e., 	 min 1,  ,Ž .
Ž .noting that we can safely drop all O  terms to determine the final
Ž .inequality. When 22 is satisfied, one can invoke Theorem 1 to deduce
Ž  Ž .  Ž ..stability provided u x, t ,  x, t R.0 0
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